ABSTRACT Continuous casting mold (CCM) is molding equipment of the casting blank and widely used in iron and steel metallurgy. This paper focuses on the tracking control of vibration displacement of CCM is driven by a servo motor. To address the non-unique inverse solution of the nonlinear periodic function, a new nonlinear processing algorithm is developed. Based on the algorithm, an active disturbance rejection controller (ADRC) with self-adjusting parameters to estimate and compensate the disturbances is proposed for suppressing the disturbances and improving the tracking performance. The simulation results demonstrate the effectiveness of the proposed control scheme.
servo system. However, the vibrating displacement of the system is nonlinear, periodic and it has different inverse solutions. Therefore, it is difficult to improve the accuracy tracking control by using traditional nonlinear control methods. Some results are made in some studies on dealing with the nonlinear systems. A nonlinear system with multiple operating points was decomposed into a linear system using subsections, and an adaptive state feedback was used to guarantee the tracking performance of the system [3] . For a class of minimum-phase nonlinear systems with unknown control directions, a new form by using a linear state transformation was established from the original system for suppressing the disturbances [4] . In [5] , a piecewise mapping function between the vibration displacement of the mold and the eccentric shaft was established, and it can avoid the influence of nonlinear terms on the system performance.
Additionally, due to the time-varying load disturbance and uncertainties in the mechanical devices of CCM driven by the servo motor, the traditional methods cannot guarantee the control accuracy of this system. Active disturbance rejection control [6] is an effective method to deal with nonlinear system, especially when the dynamics of the nonlinear system are unknown. This methodology requires very little information about the controlled object and thus easy to implement. The essential property of an active disturbance rejection controller (ADRC) is to regard the unknown dynamics as an extended state of the controlled object, which is then estimated by using an extended state observer (ESO) and compensated for the controller in real time [7] [8] [9] . The significant results of ADRC have been shown in many fields involving the flight system [10] , the motor system [11] and other industrial systems [12] . In [13] , it investigated a linear ADRC for the load frequency of power systems. In [14] , it solved the stabilization problem of a class of nonlinear systems with actuator saturation using an ADRC. And an ADRC for the antenna pointing control of a large flexible satellite system was designed in [15] . The satisfactory performance of ADRC has been proved by many theoretical works.
However, it is important to select the proper parameters of ADRC. Some studies have shown that the performance of ADRC is greatly compromised with the improper parameter adjustment. The parameter setting currently depends on ''trial and error'' [9] , which requires a lot of prior knowledge. Recently, parameter optimization methods based on artificial intelligence are popular, such as the dynamic parameter adjustment based on neural network [16] , parameter adjustment based on immune binary-state particle swarm optimization [17] , deep learning algorithm [18] , and genetic algorithm optimization [19] . Although these optimization methods can ensure good results, their complexity makes it difficult to achieve the real-time online adjustment.
In this paper, an ADRC with self-tuning parameter is proposed to achieve high-accuracy for the displacement tracking control of the mold. Firstly, to map the one-to-one relationship between the rotation angle of the motor and the mold displacement, a new nonlinear processing method of the piecewise tracking is presented to design the controller. Secondly, the disturbance caused by the varying load torque of the motor and the non-coaxial installation of the eccentric shaft is estimated and compensated for by the ADRC. Thirdly, the self-tuning of the parameters of the ADRC is presented to track the different waveforms in real time and ensure accuracy and robustness; the parameters of the ADRC are tuned by non-dominated sorting offline [20] . Finally, the simulation results of CCM show that the displacement tracking was achieved with the desired performances.
The rest of this paper is organized as follows. Section 2 describes the mathematical model and problem. In Section 3, the ADRC is designed, including nonlinear piecewise algorithm, the extended state observer (ESO) and the nonlinear state error feedback (NLSEF). Then, parameters optimization for NLSEF based on non-dominated sorting is presented in Section 4. In Section 5, numerical simulations are provided to verify the effectiveness of the proposed method and the conclusions are provided.
II. MATHEMATICAL MODEL AND PROBLEM DESCRIPTION
To describe characteristics of the system, the mathematical model of the continuous casting mold is introduced and the nonlinear problem of the system is described.
A. STRUCTURE OF CCM DRIVEN BY SERVO MOTOR
The structure diagram of the continuous casting mold driven by servo motor is shown as Fig. 1 . As shown in Fig. 1 , the mechanical parts of the mold vibration system are composed of a servo motor, an eccentric shaft, a reducer and a connecting rod, etc. The servo motor and the mechanical devices of the mold are connected together by the reducer. Therefore, a non-coaxial error exists between the motor and the reducer, and at the same time the friction nonlinearity occurs in the system. Based on a permanent magnet synchronous motor (PMSM) of d − q decoupling model, the principle diagram of the displacement open-loop system is shown as Fig. 2 . And in Fig. 2 i is the reduction ratio, T L (t) is the load torque of the servo motor, θ m is the angular position, d is the non-coaxial error of the eccentric shaft, which is considered as one of the uncertainties in this study. The model of the mold vibration system is expressed as follows [5] : 
B. NONLINEAR PROBLEM DESCRIPTION
In this study, the control objective of the system is to track the desired non-sinusoidal vibration displacement. To achieve this purpose, the relationship between the vibration displacement of CCM and the rotate speed of the servo motor is expressed by the rotation angle of the motor θ :
In addition, the desired vibration displacement of the mold is x * p = h sin(θ * ), and the actual displacement is x p = h sin(θ ), which has a phase offset d(d → 0) in Fig. 2 . In particular, when d is zero and the internal disturbance of the servo motor is not considered, θ * r is equal to θ * . Therefore, the error e s between the actual displacement and the desired displacement of the system can be inferred as follows:
In (3), e s changes periodically in the range of [−h |d| , h |d|], and the sgn(e s ) is related not only to sgn(d) but also to sgn(cos θ * ). Clearly, the error e s cannot represent the phase advance and phase lag of the eccentric shaft. Therefore, if e s is used as the position controller input, the system cannot eliminate the interference caused by d. If we transform the displacement of the mold to the angular position of the eccentric shaft, the inverse solution of the sine function is needed. However, the range of the arcsine is [−π/2, π/2] not [0, ∞). Consequently, the conventional nonlinear methods are limited to solving the influence of the nonlinear term sin(θ ) in the model.
III. DESIGN OF ACTIVE DISTURBENCE REJECTION CONTROLLER
The diagram of the ADRC is shown in Fig. 3 , which consists of a nonlinear piecewise algorithm (NPA), an ESO, and a NLSEF with self-adjusting parameters. The NPA is to solve the control problem of the servo motor with one direction, and simultaneously to suppress high frequency noise, a low filter is added to the NPA. The ESO can estimate the unmeasured state and the unknown disturbances to build the foundation for disturbances compensation. The NLSEF control is used to synthesize the control action. The design is carried in discrete time.
A. NONLINEAR PIECEWISE ALGORITHM
For continuous rotation of the servo motor with one direction in Fig. 1 , the relationship between the vibration displacement of the mold and the motor rotation angle [4] is established. The algorithm needs to accumulate the occurrences of the highest point and the lowest point of the vibration displacement. However, some extreme points of the vibration displacement are missed to be sampled by the sensor during the sampling process. Hence, it is necessary to design a valid algorithm for solving this problem in the case of a long sampling period.
For a nonlinear periodic function (its inverse solution is not unique) between the rotation angle and the vibration displacement of the mold, a simple and practical nonlinear processing method is proposed in this paper. Suppose that θ r is an arcsine value of the vibration displacement, which is different from θ . Let
Firstly, two second order tracking differentiators (TD) are employed to track the displacement signals x * p and x p , and obtain their differential signalsẋ * p andẋ p at the same time, i.e. they are the desired and the actual speed signals of the vibration displacement, respectively. The second order TD is expressed as follows:
where T is the sampling interval, r 0 is the fast factor, and h 0 is the filter factor. The nonlinear function fhan() is shown in (6), which avoids the chattering phenomenon when the system enters a steady state.
where a 0 is selected as follows:
Then, the arcsine of the ideal θ * r and the actual signal θ r from (4) are calculated. The process is introduced as follows:
When the actual and the ideal speed of the mold have the same symbol, θ * r is subtracted from θ r directly. Conversely, when the actual and the ideal speed of the mold are different symbols, iπ/2 is used as the turning point. If x * p is greater than x p x p , θ * r is altered to 2(iπ/2) − θ * r , and vice versa. The difference of the rotation angle and the speed of the servo motor can be calculated by the following discrete equation:
where n * (k) and n(k) are the ideal speed and the actual speed of the servo motor, respectively. S r is expressed as:
In particular, taking the existence of the high-frequency noise in the switching point into account, a low pass filter is designed as follows:
where τ 2 is the time constant, θ is the output of the filter, and θ (0), θ (0) are the initial values of the zero moment.
Remark 1: According to (8) , note that it has a one-to-one relationship between the rotation angle error of the servo motor and the displacement error of the mold. Therefore, the nonlinear piecewise algorithm can successfully convert the displacement control of the mold to the angle control of the servo motor.
B. ADRC FOR VIBRATION DISPLACEMENT CONTROL SYSTEM OF CCM
In order to eliminate the time-varying load disturbance and non-coaxial installation of the eccentric shaft in the system, and to improve the tracking performances of the CCM system, an ADRC with self-tuning parameters is designed. The structure diagram of the ADRC is shown as Fig. 3 .
In Fig. 3 , the structure of the cascade control includes a displacement loop and two current loops, and the current loops are based on the vector control, and two PI controllers are used on the current loops. The reference current i * d is set to zero because of the vector decoupling model of the servo motor. In addition, the reference current i * q is determined by the ADRC position loop. Based on the above analysis, we only need to extract the first two models described in (1) for the discretization.
Suppose that the motor speed and the non-coaxial installation of the eccentric shaft are the intermediate variables X 2 (k):
Definition 1: The non-coaxial installation of the eccentric shaft and varying-load disturbance are defined as a compound disturbance,
Therefore, substitute (12) and (13) into (11), and we can obtain:
1) DESIGN OF ESO
The ESO is mainly designed to estimate the uncertainties and disturbances. Firstly, θ is obtained by using the nonlinear piecewise algorithm. Hence, the signal S * satisfies the following equation:
Then, θ is calculated by (4), (5), and (8) . The actual rotation angle of the eccentric shaft is calculated as follows:
Therefore, on the basis of (14), a third-order ESO with the additional perturbation part is designed to estimate the total disturbance D(k) as follows: 03 fal(e(k), α 02 , δ 02 ) ) (17) where z 1 (k)
Remark 2: In (17), the parameter b 0 is very important for suppressing the total disturbance. Therefore, to achieve a better control performance, b 0 can be adjusted according to the system model with the change in the disturbance. The size of β 01 , β 02 , β 03 determines the accuracy and rapidity of the system state and disturbance observation. α 01 and α 02 are set to a linear interval size and when the value is too large, ESO only works in the linear area. In contrast, when the value is too small, ESO is prone to tremoring.
2) DESIGN OF NONLINEAR STATE ERROR FEEDBACK (NLSEF) CONTROLLER
The design of the NLSEF is a critical step of the ADRC [5] , and can reduce the tracking error and suppress the total disturbances. Consequently, a discrete form of the NLSEF is designed.
where α 03 and α 04 are linear interval sizes, δ 03 and δ 03 are filter factors. K p and K d are the control parameters that are similar to the regulation of the traditional proportional-derivative (PD) method. Because the load of the motor changes in real time, the parameters need to be adjusted dynamically as follows: (20) where Finally, the control law is proposed from the above analysis as:
where u 0 (k) is the error feedback control volume.
IV. PARAMETERS OPTIMIZATION FOR NLSEF BASED ON NON-DOMINATED SORTING
Even though the NLSEF controller has strong robustness and anti-interference ability, the main difficulty is the adjustment of the parameters. In particular, the vibration modes of the system need to be switched. Therefore, it is very important that the parameters of the controller are selected correctly. In this section, the non-dominated sorting algorithm of the offline iterative optimization is used to select optimal control parameters, and the flow chart is shown as Fig. 5 . 
A. DESIGN OF OBJECTIVE FUNCTION FOR NLSEF
To determine the optimal parameters and improve the performance of the CCM system, an objective function is necessary. Hence, multiple objective functions are selected, and it consists of the error and the differential of the error, which guarantees that the vibration displacement system operates without overshoots and oscillations. Its norm is given as:
where y EF 1 (k) and y EF 2 (k) are the angular displacement error of the eccentric shaft and the speed error of the servo motor, respectively. x k represents the decision variable of the multiobjective optimization.
Prior to the multi-objective optimization, a population needs to be initialized to obtain the optimal parameters. Subsequently, the initialization process is as follows.
B. POPULATION INITIALIZATION
Considering the constraint conditions of the CCM system, a population P needs to be initialized according to certain rules. In the same way, each decision variable is also initialized as a random number between the possible minimum and maximum values. For ease of the calculation and data processing, the population P also has the value of the objective function y EF (k) concatenated at the end. The decision variables must be selected via the objective functions, which are processed and returns the value to the objective functions. Finally, these values are now stored at the end of the population P itself.
C. NON-DOMINATED SORTING

Definition 2: S p contains the individuals dominated by p.
Initialize S p = ∅.
Definition 3: n p is the number of individuals that dominates p. Initialize n p = 0.
For each individual p in the main population P , perform the followings:
Step 1: For each individual q in P, if p dominates q, then S p = S p ∪ {q}, or else if q dominates p, then n p = n p + 1.
Step 2: If n p = 0, i.e., no individual dominates p, set rank of individual p to the first front, i.e., p rank = 1, then update the first front set F 1 = F 1 ∪ {p} , i = 1.
Step 3: Each individual q in S p (S p is the set of individuals dominated by p in front F i ) decreases the domination count, i.e. n q = n q − 1.
Step 4: q rank = i = i+1. If n q = 0, none of the individuals in the subsequent fronts can dominate q. Update the set F i with individual q, i.e. F i = F i ∪ {q}. Then go back to the third step until F i = ∅.
Step 5: To compare individuals of the same rank, a crowding distance is needed. As shown in (23) , n k is the number of individuals in each front F i . Initialize the distance to be zero for all the individuals, i.e., F i (d k ) = 0, where k corresponds to the k th individual in front F i . Each crowding distance of the objective function m should be calculated and they are added up. Then sort the individuals in front F i whose crowding distance is as far as possible. The crowding distance is defined as follows:
Step 6: Each individual is sorted by the rules, and the rank is the lower the better. Then the first half of the population P is reserved, and the others are replaced by a new group of individuals.
Step 7: Go back to the first step until the iterative number has been reached. Finally, the individual with the highest rank will be used for the next operation.
D. GENETIC ALGORITHM
After the non-dominated sorting, the individuals of the population P are randomly elected into the selected operator for inheriting the superiority of the previous population and reproducing or mutating better individuals. Then the optimal individuals are selected to the new population Q by using a binary tournament method. In Q, two randomly selected individuals are crossed or mutated under satisfying the condition:
where p i,k is represented to the i th parent generation, c i,k is the i th child generation, the selected rules of the β k is shown as follows:
where u is a random number in the range of (0, 1), η is an exponential distribution. Otherwise, if two random selected individuals are not satisfying with (24), polynomial mutation is executed as follows:
where p k is the parent generation, p u k and p l k are the upper and lower bound of the parent generation, respectively. δ k is a polynomial as follows:
where r k is a random number in the range of (0, 1), η m is an exponential distribution of the mutation.
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Finally, the objective function value of the re-acquired offspring is calculated, and added to the population Q. Then the population P and Q are sorted by non-dominated sorting, good individuals are added to the population P, and the rest of the individuals will be eliminated until the iterative number is zero.
V. SIMULATIONS
To prove the superiority of the proposed method, the performance of the proposed method is compared with two methods of adaptive genetic algorithm (AGA) [21] and an empirical method (i.e. ''bandwidth method'' [22] ). Meanwhile, simulation results are given in different waveform and frequency of the vibration displacement, and in order to show the robustness of the proposed method, the time-varying load disturbances are considered.
The parameters of the mechanical transmission parts include the reduction ratio: i = 5.1145 and the amplitude of the mold h = 3mm. The parameters of the servo motor are shown in Table 1 . The viscous friction coefficient is 0.0706 Nms/rad [23] . According to the ''empirical method'' without selfadjusting, the parameters of the NLSEF are determined by the bandwidth method:
where ω c = 10. According to the parameter adjustment of the AGA, the objective function is selected as follows:
where e N 1 is the error of the displacement tracking, u is the control input, and w N 1 = 0.55, w N 2 = 0.45 are the corresponding weights. Fifty groups of individuals are generated randomly as the initial population. A new generation of the population was obtained by selection, adaptive crossover, and adaptive mutation. After 200 iterations, k 01 = 105, k 02 = 10.5. In this study, the parameters of the NLSEF are adjusted by non-dominated sorting. Using (22) , the population number is 50 and the genetic algebra is 200: According to the accuracy of the data acquisition and control precision, the remaining parameters are selected as follows:
The parameters of ESO: T = 0.001s, a 01 = 0.5, a 02 = 0.25, δ 01 = 0.1, δ 02 = 0.1, b 0 = 28.5, β 01 = 1178, β 02 = 21081, β 03 = 462920.
The parameters of NLSEF: a 03 = 0.5, a 04 = 0.25, δ 03 = 0.01, δ 04 = 0.01.
The parameters of TD: h 0 = 0.001, r = 9000. The given vibration waveform of the mold displacement is:
where the unit for f i is times/minute, T i is the cycle of x * p under f i and α, f i , T i ,and α are assigned by (31).
. The waveform deviation rate α is equal to 0 at the initial time. According to (31), the corresponding parameters of x * p is carried out, including different frequency, different deviation rate, and frequent switching.
According to the identification data of the load torque [22] , the time-varying load disturbance of the CCM system is:
Meanwhile, considering that the influence of the load torque abruptly changes in practical applications, T L is enforced as described in (33) In Fig. 6 and Fig. 7 , the ADRC easily eliminates the error caused by the non-coaxial installation of the eccentric shaft and the load disturbance, and the tracking error converges to near zero quickly. Fig. 7 shows that the proposed solution tracks the trajectory of the ideal signal rapidly and accurately. In addition, the tracking error is also smaller than for the other methods including switching between different frequency and different waveforms. In Fig. 6 and Fig. 7 show the robustness of the proposed method when the time-varying load suddenly changes after 1 second. The simulation results without the nonlinear piecewise algorithm are shown in Fig. 8 , and the error of the given rotational angle is not equal to the error of the actual angle. The simulation results with the nonlinear piecewise algorithm are shown as Fig. 9 . The estimated angular error of the motor and the actual error are approximately the same, and the angular error quickly converges to zero. Hence, it is definitely necessary to use the nonlinear piecewise algorithm for addressing the displacement control of the mold.
In Fig. 10 , the nonlinear piecewise algorithm can ensure the value of the angular displacement of the motor to be in the range of [0, ∞), which meets the technical requirements that the rotation speed of the motor is positive. In addition, the tracking curves of the angular displacement indicate that the proposed solution has a faster response than the other methods (Fig. 10) . In Fig. 11 , it is evident that the empirical method causes some oscillations at the startup of the motor. Moreover, the speed of the motor decreases faster than the other methods when the given signal changes. 12 shows that the ESO accurately estimates the compound disturbances, i.e., D(k), and it has the transient response time. In Fig. 13 , K p and K d of the NLSEF are adjusted dynamically when the tracking error is changing. Thus, the proposed method significantly improves the tracking performances of the CCM system as evidenced by from Fig. 6 to Fig. 13 .
Remark 3: For the CCM system, compared with the AGA [21] and the empirical method [22] , the proposed method achieved high tracking performance, transient response time, strong robustness and automatic adjustment of parameters K p and K d . However, it has some disadvantages, such as the large overshoot of the state n when the servo motor starts, high complexity of the control system. 
VI. CONCLUSIONS
In this paper, a nonlinear piecewise algorithm is devised to address the issue of a nonlinear periodic function (with a non-unique inverse solution) between the rotation angle of the motor and the vibration displacement of the mold, and this algorithm facilitates the design of the controller. An ADRC controller with self-tuning parameters was proposed to estimate and compensate for the disturbances caused by the varying-load torque of the motor and the non-coaxial installation of the eccentric shaft in the system. Furthermore, the parameters of the ADRC are tuned by non-dominated sorting.
Finally, the simulation results show that the proposed control algorithm tracks the given displacement of the mold rapidly and accurately, and it has a strong anti-disturbance ability. 
